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Abstract
Let G ⊂ C be a bounded convex domain, A−∞(G) be the (DFS)-space of all holomorphic func-
tions of polynomial growth on G and A∞(G) be the Fréchet space of C∞-functions on closure G of
G which are holomorphic on G. With the help of the Laplace transform we describe the strong dual
of A−∞(G) and prove that A−∞(G) is the unique (DFS)-space H such that the space A∞(G) is
contained in H , H is embedded continuously in A−∞(G) and H is invariant under differentiation.
 2004 Elsevier Inc. All rights reserved.
0. Introduction
In this article we study locally convex spaces of holomorphic functions of polynomial
growth on a bounded convex domain G ⊂ C which are invariant under differentiation.
A corresponding problem was originated on the one hand by the theory of representing
systems (see [8]). In the note [11] in connection with an application to representations
by exponential series it was proved that A(G) is the unique Fréchet space H with the
following properties: the (LB)-space A(G) of all functions holomorphic on some open
neighborhood of the closure G of G is contained in H , H is embedded continuously in
A(G) and H is invariant under each infinite-order differential operator in A(G). On the
other hand this note was stimulated by the article [9]. Langenbruch and Voigt [9] estab-
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in D′(Ω) and invariant under differentiations, is already contained in C∞(Ω).
We show that the space A−∞(G) of all holomorphic functions of polynomial growth on
G is the unique (DFS)-space H such that the Fréchet space A∞(G) of all C∞-functions
on G, which are holomorphic on G, is contained in H , H is continuously embedded in
A−∞(G) and H is invariant under differentiation. The proof of this result is based on the
use of the Laplace transform and on a realization of the transpose of the differentiation
operator as a multiplication operator.
1. A realization of the dual of A−∞(G)
Let G ⊂ C be a bounded convex domain. We give the boundary distance by
dG(z) := inf
t∈∂G |z− t|, z ∈ G.
The space A−∞(G) of holomorphic functions of polynomial growth on G is defined by
A−n(G) :=
{
f ∈ A(G) | ‖f ‖n := sup
z∈G
∣∣f (z)∣∣(dG(z))n < ∞}, n ∈ N,
A−∞(G) := indn→ A−n(G).
Denote by ↪→ the symbol of the continuous embedding. We use further the following
terminology of [10, Chapter III, §25].
Definition. Let (En)n∈N be a sequence of Banach spaces such that En ↪→ En+1 for each
n ∈ N and E :=⋃n∈N En. If for each n ∈ N there is m > n such that the embedding map
of En in Em is compact, then the countable locally convex inductive limit E := indn→ En
is called a (DFS)-space.
Remark 1. (a) For every n ∈ N the differentiation operator D(f ) := f ′ is continuous from
A−n(G) in A−n−1(G). Consequently D :A−∞(G) → A−∞(G) is continuous.
(b) For each n ∈ N the embedding of A−n(G) in A−n−1(G) is compact. Hence the
inductive limit A−∞(G) = indn→ A−n(G) is a (DFS)-space.
Proof. (a) We fix f ∈ A−n(G). From Cauchy formula it follows that for each z ∈ G,
∣∣f ′(z)∣∣ 2 sup|t−z|=dG(z)/2 |f (t)|
dG(z)
 2‖f ‖n
dG(z)
sup
|t−z|=dG(z)/2
(
dG(t)
)−n
 2n+1‖f ‖n
(
dG(z)
)−n−1
.
Hence∥∥D(f )∥∥
n+1  2
n+1‖f ‖n for all f ∈ A−n(G).
The assertion (b) follows from Montel’s theorem. 
By HG we denote the support function of G: HG(z) := supt∈G Re(tz), z ∈ C.
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we define
A−∞G :=
{
f ∈ A(C) | |f |n := sup
z∈C
|f (z)|(1 + |z|)n
expHG(z)
for all n ∈ N
}
endowed with the Fréchet spaces topology by the system of norms | · |n, n ∈ N.
We put ez(t) := exp(zt), z, t ∈ C.
Lemma 2. For each n ∈ N there is C > 0 such that
expHG(z)
C(1 + |z|)n  ‖ez‖n  C
expHG(z)
(1 + |z|)n for all z ∈ C.
Proof. Fix n ∈ N. For each z ∈ C,
‖ez‖n = exp
(
sup
t∈G
(
Re(zt)+ n logdG(t)
))
.
Let z = |z|eiϑ = 0. Since dG(t)HG(eiϑ )− Re(teiϑ ), we have
sup
t∈G
(
Re(zt) + n logdG(t)
)= sup
t∈G
(|z|Re(eiϑ t) + n logdG(t))
HG(z)− inf
t∈G
(|z|dG(t) − n logdG(t))HG(z)− inf
x>0
(|z|x − n logx)
= HG(z)− n log e|z|
n
.
Hence there is C1 > 0 with
‖ez‖n  C1 expHG(z)
(1 + |z|)n for all z ∈ C.
To show the second inequality we exploit a method of the proof of Lemma 6.1 from [15].
For c > 0 let Gc := {z ∈ G | dG(z) c}. Since the function dG is concave on G [6, Theo-
rem 2.1.24] the set Gc is convex for c > 0 such that Gc is not empty. By the proof of [15,
Lemma 6.1] there are c0 > 0 and K  1 with
HG(z)−HGc(z)Kc|z| for all c ∈ (0, c0).
Hence for large |z|,
sup
t∈G
(
Re(zt) + n logdG(t)
)
 sup
c>0
sup
dG(t)c
(
Re(zt)+ n log c)= sup
c>0
(
HGc(z)+ n log c
)
HG(z)− inf
0<c<c0
(
Kc|z| − n logc)= HG(z)− n log eK|z|
n
.
From here it follows that there is C2 > 0 such that
‖ez‖n  expHG(z)
C2(1 + |z|)n for all z ∈ C.
We can choose C := max(C1,C2). 
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Proof. Without loss of generality we can assume that 0 ∈ G.We fix n ∈ N, f ∈ A−n(G)
and put fr(z) := f (rz), r ∈ (0,1). The function fr is holomorphic on the domain r−1G.
We will show that limr→1−0 fr = f in A−∞(G). For all z ∈ G and r ∈ (0,1) we have, by
the proof of Remark 1(a),∣∣f (z)− f (rz)∣∣ |z|(1 − r) sup
t∈[rz,z]
∣∣f ′(t)∣∣
 |z|(1 − r)2n+1‖f ‖n sup
q∈[r,1]
(
dG(qz)
)−n−1
.
Since the function dG is concave we know that for each q ∈ [0,1] and z ∈ G,
dG(qz) (1 − q)dG(0)+ qdG(z) qdG(z)
and we have with DG := maxz∈G |z|,
‖f − fr‖n+1  (1 − r)DG4n+2‖f ‖n for r ∈ [1/2,1).
Hence limr→1−0 fr = f in A−n−1(G).
The conclusion follows now from completeness of the system {ez | z ∈ C} in the
(LB)-space A(G) of all functions holomorphic on some open neighborhood of closure
G of G. 
We put B(0,R) := {z ∈ C | |z| <R}, R > 0, and D := B(0,1).
Proposition 4. The Laplace transform
F(ϕ)(z) := ϕ(ez), z ∈ C, ϕ ∈ A−∞(G)′,
is a topological isomorphism of the strong dual A−∞(G)′β onto A−∞G .
Proof. Since A(C) ↪→ A−∞(G) and for all ϕ ∈ A(C)′ the functionF(ϕ) is entire [5, 4.5],
for each ϕ ∈ A−∞(G)′ the function F(ϕ) is also entire.
Let
‖ϕ‖′n := sup‖g‖n1
∣∣ϕ(g)∣∣, ϕ ∈ A−∞(G)′, n ∈ N.
The sequence of balls {f ∈ A−n(G) | ‖f ‖n  n}, n ∈ N, is a fundamental system of
bounded subsets of A−∞(G) and, by Lemma 2, for each n ∈ N there is C > 0 with∣∣F(ϕ)(z)∣∣ ‖ϕ‖′n‖ez‖n  C‖ϕ‖′n expHG(z)(1 + |z|)n , z ∈ C.
Hence the linear transform F maps continuously A−∞(G)′β in A−∞G . By Lemma 3, F is
injective.
We will prove that the map F is surjective. Fix f (z) =∑∞k=0 fkzk ∈ A−∞G . Let F(z) :=∑∞
k=0 k!fkz−k−1 be the Borel-transform of f , which is holomorphic on C \ G (see the
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m ∈ N the derivative F (m) is uniformly continuous on C \ G.
Fix m ∈ N and R > 0 with G ⊂ B(0,R − 1). Since limz→∞ F (m)(z) = 0 that the func-
tion F (m) is uniformly continuous on C \B(0,R).
To check that F (m) is uniformly continuous on B(0,R) \ G, fix ε ∈ (0,1). For each
a ∈ ∂D the function
Fa(z) :=
∞∫
0
f (ta)e−atz dt
is holomorphic on the half-plane Πa := {z ∈ C | Re(az) > HG(a)} and Fa(z) = F(z) for
all z ∈ Πa . Since∣∣f (z)∣∣ |f |n expHG(z)
(1 + |z|)n for all n ∈ N and z ∈ C,
we have for each a ∈ ∂D,
F (m)(z) = F (m)a (z) = (−a)m
∞∫
0
f (at)tme−atz dt, z ∈ Πa.
For z1, z2 ∈ Πa , a ∈ ∂D, T > 0,
∣∣F (m)(z1)− F (m)(z2)∣∣=
∣∣∣∣∣
∞∫
0
tmf (at)(e−atz1 − e−atz2) dt
∣∣∣∣∣
 |f |m+2
∞∫
0
|e−atz1 − e−atz2|
(1 + t)2 expHG(at) dt
 |f |m+2
T∫
0
|e−atz1 − e−atz2|
(1 + t)2 expHG(at) dt + 2|f |m+2
∞∫
T
dt
(1 + t)2 . (1)
We choose T > 0 such that
2|f |m+2
∞∫
T
dt
(1 + t)2 <
ε
10
(2)
(T does not depend on a ∈ ∂D and on z1, z2 ∈ Πa ). For all z1, z2 ∈ B(0,R), t ∈ [0, T ] and
a ∈ ∂D we have
|e−atz1 − e−atz2| t|z1 − z2| sup
ξ∈[tz1,tz2]
|e−aξ | T R|z1 − z2|eTR. (3)
It follows from (1)–(3) that there is B  1 such that∣∣F (m)(z1)− F (m)(z2)∣∣ B|z1 − z2| + ε10
for all z1, z2 ∈ B(0,R) ∩ Πa, a ∈ ∂D. (4)
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w1 and w2 partition ∂G. Arguing by contradiction, we conclude that there exists δ1 > 0
such that
l(w1,w2) <
ε
30B
for all w1,w2 ∈ ∂G with |w1 −w2| < δ1.
We put δ := min(δ1; ε/(30B)) and take z1, z2 ∈ B(0,R) ∩ (C \ G) such that |z1 − z2|
< δ.
If [z1, z2] ∩ G = ∅ then there is a ∈ ∂D with z1, z2 ∈ Πa . In this case, by (4),∣∣F (m)(z1)− F (m)(z2)∣∣< ε5 .
Let [z1, z2] ∩ G = ∅. There are w1,w2 ∈ ∂G such that
[z1, z2] ∩ G = [w1,w2] and w1 ∈ [z1,w2].
We choose b ∈ ∂D and c ∈ R such that the points z1 and z2 belong to the line {z ∈ C |
Re(bz) = c} and a curve, which is the intersection of the half-plane Π := {z ∈ C | Re(bz)
 c} with ∂G, has the length l(w1,w2).
We construct a square Q ⊂ Π with extreme points v1, v2, v3, v4 satisfying the following
conditions:
(a) the line segment [v1, v2] contains [z1, z2], z1 ∈ [v1, z2];
(b) |v1 − v2| = |v2 − v3| = |v3 − v4| = |v4 − v1| = ε/(10B), |v1 − z1|  ε/(30B),
|v2 − z2| ε/(30B).
Since each segment [v1, z1], [z2, v2], [v2, v3], [v3, v4], [v4, v1] does not intersect G,
by (4),∣∣F (m)(z1)− F (m)(z2)∣∣

∣∣F (m)(z1) −F (m)(v1)∣∣+ ∣∣F (m)(v1)− F (m)(v4)∣∣+ ∣∣F (m)(v4)− F (m)(v3)∣∣
+ ∣∣F (m)(v3)− F (m)(v2)∣∣+ ∣∣F (m)(v2)− F (m)(z2)∣∣
 5 ε
5
= ε.
Thus, F (m) is uniformly continuous on B(0,R) \ G and consequently on C \ G. Hence
F (m) has a unique extension on C \ G.
Without loss of generality we can assume further that 0 ∈ G. We will show that for each
g ∈ A−∞(G) the limit
ϕ(g) := lim
r→1−0
1
2πi
∫
∂G
F(z)g(rz) dz (5)
exists. Next fix n ∈ N and g ∈ A−n(G).
By [16] there is an extension F0 ∈ C∞(C) of F . By Green’s formula∫
F(z)g(rz) dz = 2i
∫
g(rz)
∂F0
∂z
(z) dσ2(z),∂G G
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It follows from the concavity of dG on G that
dG(rz) rdG(z), z ∈ G, r ∈ (0,1).
Hence∣∣g(rz)∣∣ 2n‖g‖n(dG(z))−n, z ∈ G, r ∈ [1/2,1). (6)
Since ∂F0/∂z ≡ 0 on C \ G there is B1 > 0 with∣∣∣∣∂F0∂z (z)
∣∣∣∣ B1(dG(z))n, z ∈ G. (7)
By Lebesgue theorem on the dominated convergence the limit (5) exists, and, by (6), (7),
there is B2 > 0 such that∣∣ϕ(g)∣∣ B2‖g‖n for all g ∈ A−n(G).
Hence ϕ is well defined continuous linear functional on A−∞(G). In addition, by Polya’s
representation,
ϕ(ez) = 12πi
∫
∂G
F(t)e−zt dt = 1
2πi
∫
∂(2G)
F (t)e−zt dt = f (z), z ∈ C.
Thus F(ϕ) = f , and F :A−∞(G)′ → A−∞G is surjective. By the open map theorem F is a
topological isomorphism. 
Remark. (a) In the case that G := D, the dual of A−∞(G) can be described in terms
of Taylor coefficients of functions of A−∞(G). Such a representation of A−∞(D)′ was
obtained by Korenblum [7, §1]. A realization of A−∞(D)′ follows also from general results
of Momm [12, §1].
(b) For the Fréchet spaces of holomorphic functions in one and several variables of pre-
scribed growth near the boundary of a bounded convex domain the realizations of its duals
were obtained with the help of Laplace transform by Yulmukhametov [17], Derzhavets [3],
Napalkov [15], Epifanov [4], Abuzyarova and Yulmukhametov [1]. The method of the
proof of Proposition 4 is similar to one of the article [3]. Derzhavets in [3] applied the
Dyn’kin’s results on the pseudoanalytic extensions and we use the Whitney’s extension
theorem.
2. (DFS)-spaces of holomorphic functions of polynomial growth invariant
under differentiation
We will study (DFS)-spaces which are contained in A−∞(G) and contain the space
A∞(G) of all C∞-functions on G holomorphic on G. The Fréchet space topology in
A∞(G) is defined by system norms
max
0kn
sup
∣∣f (k)(z)∣∣, f ∈ A∞(G), n ∈ N0.z∈G
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ical isomorphism of the strong dual A∞(G)′β of A∞(G) onto a (LB)-space
A∞G := indn→ A∞G,n,
where the Banach spaces A∞G,n are defined by
A∞G,n :=
{
f ∈ A(C) | pn(f ) := sup
z∈C
|f (z)|
(1 + |z|)n expHG(z) < ∞
}
, n ∈ N.
Theorem 5. Let H be a (DFS)-space such that A∞(G) is contained in H , H is continu-
ously embedded in A−∞(G) and H is invariant under differentiation. Then H coincides
with A−∞(G) algebraically and topologically.
Proof. By E we denote the closure of A∞(G) in H with the topology induced by H . By
[2, §3, Corollary 19] E is also a (DFS)-space and consequently reflexive. It follows from
[10, Theorem 25.20] that the strong dual E′β is a Fréchet–Schwartz space.
For each ϕ ∈ E′, z ∈ C let F(ϕ)(z) := ϕ(ez). We put Ê := F(E′). Since the set {ez |
z ∈ C} is complete in E we conclude that F is an algebraic isomorphism of E′ onto Ê.
By the closed graph theorem A∞(G) ↪→ E. Hence A−∞G ⊂ Ê ⊂ A∞G . Also by the closed
graph theorem the differentiation operator D is continuous in H . From here and from
D(A∞(G)) ⊂ A∞(G) it follows that D(E) ⊂ E and D is continuous in E. The natural
duality of the dual system (Ê, E) (and of (A∞G , A∞(G)) and (A−∞G ,A−∞(G))) is defined
by bilinear form〈F(ϕ), f 〉 := ϕ(f ).
Let D̂ be the transpose of D with respect to the duality between Ê and E. Since for all
g ∈ Ê and z ∈ C,
D̂(g)(z) = 〈D̂(g), ez〉= 〈g,D(ez)〉= 〈g, zez〉 = z〈g, ez〉 = zg(z),
D̂ is the multiplication operator g → zg(z). This implies that zkg ∈ Ê for all g ∈ Ê and
k ∈ N. We induce in Ê the topology of E′β . Then
A−∞G ↪→ Ê ↪→ A∞G .
Let ‖̂ · ‖k , k ∈ N, be the fundamental sequence of seminorms on Ê.
By Grothendieck’s factorization theorem there exists s ∈ N with Ê ↪→ A∞G,s . Hence
there are m ∈ N and C > 0 with
ps(f ) C‖̂f ‖m for all f ∈ Ê.
We fix f ∈ Ê and assume that f /∈ A−∞G . Then there is n ∈ N with
sup
|z|1
(1 + |z|)n|f (z)|
expHG(z)
= ∞.
For a(z) := zn+s we have
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1
C
ps(af ) = 1
C
sup
z∈C
|z|n+s |f (z)|
(1 + |z|)s expHG(z) 
1
C
sup
|z|1
|z|n+s |f (z)|
(1 + |z|)s expHG(z)
 1
2n+sC
sup
z1
(1 + |z|)n|f (z)|
expHG(z)
= ∞.
This is a contradiction with af ∈ Ê. Consequently the Fréchet spaces Ê and A−∞G coincide
algebraically. By the open mapping theorem they coincide also topologically. Since E
and A−∞(G) are reflexive, the spaces E and A−∞(G) coincide also algebraically and
topologically. From here the conclusion follows. 
Corollary 6. Let G be a bounded convex domain in C and z0 ∈ G. If H is a (DFS)-
space invariant under differentiation and such that A∞(G) ⊂ H ↪→ A({z0}) that A−∞(G)
↪→ H .
Proof. Let H = indn→ Hn, where (Hn)n∈N is a compact embedding system of Banach
spaces. We put Fn := Hn ∩ A−n(G), n ∈ N, and endow Fn with the topology of the topo-
logical sum Hn ⊕ A−n(G). The inductive limit F := indn→ Fn is a (DFS)-space which
satisfies the conditions of Theorem 5. Hence F coincides with A−∞(G) algebraically and
topologically and consequently A−∞(G) ↪→ H . 
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